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∫

Sε

k

ψ
∂ψ

∂n
dA =

∫

Sε

k

κ qk
|r − rk|

∂

∂n

(

κ qk
|r − rk|

)

dA+

∫

Sε

k



ψR(r) +
N

∑

j=1,j 6=k

κ qj
|r− rj |





∂

∂n

(

κ qk
|r − rk|

)

dA+O(ε)
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��ÛxÔ´â�Ó�Û�Ù]×MØSö¡ØSÛ@Õ?Ó�Û�âõæ´Ô´Û]èMÞ-èMÖXù"Û@Õ¸ÖXÔwØSâ�ã´Ûxã´Ý´Ý	Ù¡Ó�Ó�ÜSâ�ÛxÜ�Ù¡ÜSâ�Ö�ÛxÜ�Ô´ÛxöxÖ@×´ê´Ô´Ý´éxÓ�â=ØSã´ã´Ó�á%åxã´ÛxÔ´öxÝ´Ý	ÙxØ�Õ?Ó@èMÛxáwÙ¡ÜSâ�Ý�ê
k
ì ÜSÓ�öxÓÄé@ØSÔ=êXè:Ø´ß

W ε
k, self

ó:ô8×wÛ@Õ?Ûxã´Ü1ØSÔ´ã´Ó�Û�Ý´ã´ÜSÛxöxÔ´Ý´Ô´Ó�â=ØSã´Ý´Û&è:Ø��xÜ

W ε
k, self =

ε0
2
κ2 4πq2k

ε
=
κ q2k
2ε
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rk

ó
;?ÛxöxÖ@×´ê´Ô´ã´Ó=Ù¡ÜSë

ψR

Ý
1/|r − rj |

ß
j 6= k

ãwØ2æ´Ó�â�ÛxÔ=ñ=Ó=Ù¡ÜSÝ
Sε

k

Ý)â2Ó�úS×MØ�Ù¡ÜSÝ
Dε

k

æ´Ó�éxâ�ÓS×´ê´ÛxÜ!ãwØ�Õ¾ÖXæ´Ô´Ó=Ù¡ÜSÝ´ÜSë%â�ÜSÓ�Ô´Ó�Û�Ù]×MØSö¡ØSÛ@Õ?Ó�Û
æ´ÔwØSâ�Ó�á2ÚwØ�Ù¡ÜSÝ ��*%1��]ó#'_ÖXæ´Ô´Ó�ù"Ûxã´ã´Ó�á%ü�Ó�ÔwÕ?Û�åxÜSÓÄÙ¡Ó�Ó�ÜSã´Ó�ä"Ûxã´Ý´Û���*%1��Nâ�Þ�ö�×´êXèMÝ´Ü�Ü1ØSàRí

ε0
2

∫

Sε

k

ψ
∂ψ

∂n
dA = W ε

k,self +
ε0
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ψR(rk) +
N

∑

j=1, j 6=k

κ qj
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∫

Sε

k

∂

∂n

(

κ qk
|r− rk |

)

dA+O(ε)

= W ε
k,self +

qk
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ψR(rk) +
N

∑

j=1, j 6=k

κ qj
|rk − rj |



 +O(ε),
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æ´Ô´Ý´Ú´Û@Õ Õ?ã´ÓIðÄÝ´ÜSÛ¡×wë
4π
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� Ù¡ÝwÕ?æ´ÜSÓ�ÜSÝ´Ú´Û@Ù¡àXÓ�Û�ÔwØSâ�ÛxãwÙ¡ÜSâ�Ó ��*53��-Õ?ÓIðÄã´Ó"èMÝwü�ü�ÛxÔ´Ûxã´ø´Ý´Ô´Ó�â=ØSÜSë�æ´Ó
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ÙlÜSÓ�á2ð�Û�Ó�ø´Ûxã´àXÓ�á!Ó=Ù¡Ü1ØSÜSà�Ø´ó
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W ε
D =

N
∑

k=1

W ε
k, self +

κ

2

N
∑

k=1

N
∑

j=1, j 6=k

qj qk
|rj − rk |

+
1

2

N
∑

k=1

qkψR(rk) + O(ε)
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ψR

ß¿Ø	ÝwÕ?Ûxã´ã´Ówß
ψR(ri) ≡ ψR(ri, r1, . . . , ri, . . . , rN )
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∂
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∣

∣
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∣
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∣
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∣
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∆ψ(2) = 0, r ∈ D; ψ(2)

∣

∣

∣

∣

S

= V (r) ,
�F, 4��

Ó�æ´ÝwÙ¡Þ�â=ØSÛxÜvæ´ÓS×wÛ�ß��%!��� !��	�Mèw×´ê�â=Ù¡Û¡ñ�ÜSÓ�Ú´ÛxÚ´ã´Þñ"é@ØSÔ=êXèMÓ�âwß@æ´Ó=Ù¡àXÓS×wë�à´ÖlÓ�ã´Ólã´Û-é@ØSâ�ÝwÙ¡Ý´Ü&Ó�ÜlÝ�ñ�â�Û¡×wÝ´Ú´Ý´ã´Þ Ý�ÔwØ�Ù¡æ´ÓS×wÓIð�Ûxã´Ý�êRóIý6ØSà´ÝwÕ
Ó�ú�ÔwØSéxÓ=Õß�Ù¡Ý�×MØ´ß´Ù�àXÓ�ÜSÓ�Ô´Ó�áõèMÛxáwÙ¡ÜSâ�Ö�ÛxÜ�åxÜSÓÄæ´ÓS×wÛ�ß�ÔwØSâ�ãwØ

F
i
(2) = −qi∇ψ(2)(r)

∣

∣

∣

∣

∣

r=ri
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+ Ù¡æ´ÓS×wë�éxÖSê!æ´Ô´Ý´ã´ø´Ý´æ�Ù¡ÖXæ´ÛxÔ´æ´Ó�éxÝ´ø´Ý´ÝRßwÙ¡à�×MØIèMÞ�â=ØSÛ@Õ,åxÜSÝ!èMâ�Û�Ù¡Ý�×wÞ Ý%æ´ÓS×wÖXÚwØSÛ@Õ ÜSÓ�Ü�ð�Û�Ô´ÛxéxÖ@×wë1Ü1ØSÜ)�T+�,��¿èw×´ê!è:ØSã´ã´Ó�öxÓ�Ù]×wÖXÚwØ1êRí

F
i = F

i
(1) + F

i
(2) = −qi∇

[

ψ(r) −
κ qi

|r− ri|

]

∣

∣

∣

∣

∣

r=ri
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��Ô´Ý%ÙxÕ?Ûxä�ØSã´ã´Þñ!öxÔwØSã´Ý´Ú´ã´Þñ!Ö=Ù]×wÓ�â�Ý�ê�ñqß

ψ

∣

∣

∣

∣

S1

= V (r), ε0
∂ψ

∂n

∣

∣

∣

∣

S2

= σ(r) ,
�F, ,��

ö¤èMÛ�æ´Ó�â�ÛxÔ=ñ�ã´Ó=Ù¡ÜSÝ
S1, S2

ã´Û�æ´ÛxÔ´Û@Ù¡Ûxà�ØSï&Ü�Ù¤ê��
S1 ∩ S2 = ∅

�NÝ%â�Ù¡Ö�Õ¿Õ?Û�Ù¡Ó=Ù¡Ü1ØSâS×´ê´ï&Ü"æ´ÓS×wã´ÖXï�öxÔwØSã´Ý´ø´Ö
S1 ∪ S2 = S

�]ß´Ø
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∆ψ(1) = −
1

ε0

N
∑

i=1

qi δ (r− ri) , r ri ∈ D;
�F,�-.�

ψ(1)

∣

∣

∣

∣

S1

= 0,
∂ψ(1)

∂n

∣

∣

∣

∣

S2

= 0 ,
�F,�/ �

Ý

∆ψ(2) = 0, r ∈ D;
�F, 0 �

ψ(2)

∣

∣

∣

∣

S1

= V (r), ε0
∂ψ(2)

∂n

∣

∣

∣

∣

S2

= σ(r) .
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Ò�Ó�ÔwÕ?Ö@×MØ"èw×´ê�Ù¡Ý�×wÞPÓ�Ü�æ´Ó�ÜSÛxã´ø´ÝwØ1×MØ
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ε0
∂ψ

∂n

∣

∣

∣
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S

= σ(r),

∫

S

σ(r) dA + Q = 0 , Q ≡
N

∑

j=1

qj .
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Q
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ÜSÓ�Ú´ÛxÚ´ã´Þñõé@ØSÔ=êXèMÓ�â
qi
�Nâ"æ´Ô´Ó�Ý´éxâ�ÓS×wë�ã´Ó�áÄÜSÓ�Ú´àXÛ

r∗
Ó�úS×MØ�Ù¡ÜSÝ

D
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∆ψ(1) = −
1

ε0

[

N
∑

i=1

qi δ (r− ri) −Qδ (r − r∗)

]
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r, ri, r∗ ∈ D;
�F, 3��

∂ψ(1)

∂n

∣

∣

∣

∣

S

= 0 ,
� -�4��

Ø�Ü1ØSà�ð�Û

∆ψ(2) = −
Q

ε0
δ (r − r∗) , r, r∗ ∈ D;

� -#*7�

ε0
∂ψ(2)

∂n

∣

∣

∣

∣

S

= σ(r) ,
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σ(r) ≡ 0
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